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ABSTRACT

The feedback optimal control problem in low-thrust trages with variable radial thrust is studied in this paper.
The problem is tackled by solving the Hamilton-Jacobi4Balh equation via a generating function technique
devised for linear systems. Instead of solving the twotgminndary value problem in which the classical optimal
control is stated, this technique allows us to derive anedytclosed-loop solutions.

The idea of the work consists in applying a globally diffeguhéc linearizing transformation that rearranges
the original nonlinear dynamical system into a linear systef ordinary differential equations written in new
variables. The generating function technique is then aaplo this new dynamical system, the feedback optimal
control is solved, and the variables are back transformed the original ones. We circumvent in this way the
problem of expanding the vector field and truncating higbeeter terms because no remainders are lost in the
undertaken approach. This technique can be applied to aaryghito-planet transfer; it has been applied here to
the Earth-Mars low-thrust transfer.

1. INTRODUCTION

The usefulness of low-thrust propulsion applied to steacspraft has recently been demonstrated by two missions,
the NASA's Deep Space-1 and the ESA's SMART-1. The high djpeionpulse associated to this new technology
allows a sensible reduction of the propellant mass fraatieeded to transfer spacecraft to a desired target; the
final outcome is then a reduced mass at launch or an increagémhd mass.

Although the low-thrust propulsion gives rise to advantafyem the mass standpoint, the trajectory design for
spacecraft equipped with these systems becomes less$ tinarathat associated to chemical propelled spacecratft.
Indeed, the chemical propulsion is usually assumed to mmdwstantaneous velocity changes, while the low-
thrust acts for a long time during the transfer, and needemefined mathematical tools to be dealt with. One
of these tools is the optimal control theory that is used td §olutions that both minimize a certain performance
index and satisfy the mission constraints.

Historically, the optimal low-thrust transfers have beackted first with indirect and then with direct methods.
The former stem from the Pontryagin’s maximum principlet thees the calculus of variations [1, 2]; the latter
aim at solving the problem via a standard nonlinear programgprocedure [3]. Even if it can be demonstrated
that both approaches lead to the same result [4], the diretiralirect methods have different advantages and
drawbacks, but they require in any case the solution of a tmoget of equations: the Euler-Lagrange equations
(indirect methods) and the Karush-Kuhn-Tucker equatidire€t methods).

The guidance designed with these methods is obtained @apan-loopcontext. In other words, the optimal path,
even if minimizing the prescribed performance index, is algle to respond to any perturbation that could alter
the state of the spacecraft. Furthermore, if the initialditions are slightly varied (e.g. the launch date changes),
the optimal solution needs to be recomputed again. The mead the classical problem is in fact a guidance law
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expressed as a function of the tinne= u(t), t € [to, t], beingty andts the initial and final time, and the control
vector, respectively.

This paper deals with theptimal feedback control problempplied to the low-thrust interplanetary trajectory
design. With this approach the solutions that minimize taggymance index are also functions of teneric
initial statexp; the outcome is in fact a guidance law written w@s= u(Xo,to,t), t € [to, tf]. This represents

a closed-loopsolution: given the initial conditionfty, Xp) it is possible to extract the optimal control law that
solves the optimal control problem. Moreover, if for anysea the state is perturbed and assumes the new value
(t5,Xp) = (Xo+ Ox,tg+ Ot), we are able to compute the new optimal solution by sinepliuatingu = u(xg, t, ),

so avoiding the solution of another optimal control probléris property holds by virtue of the analyticity of the
control law that can be viewed as a one-parameter familylotisns. Due to such property, a trajectory designed
in this way has the property to respond to perturbationsgaturing the transfer that continuously alter the state
of the spacecraft. Another important aspect of this apgrésthe possibility to haveobustnominal solutions.
Indeed, the optimal feedback contral= u(xp,to,t), can be analyzed and the control laws being less sensitive
to changes in the initial condition can be chosen as nomaoiatiens. These solutions are said to be robust with
respect to the initial conditions.

The optimal feedback control for linear systems with quadim@bjective functions is addressed through the ma-
trix Riccati equation: this is a matrix differential equatithat can be integrated backward in time to yield the
initial value of the Lagrange multipliers [2]. The same desb has been tackled in an elegant fashion using the
Hamiltonian dynamics and exploiting the properties of teaerating functions [5]. With this approach it is pos-
sible to devise suitable canonical transformations, fyatig the Hamilton-Jacobi equation, that also verify both
the two-point boundary value problem associated to theriagin’s principle and the Hamilton-Jacobi-Bellman
equation of the optimal feedback control problem. The “gatieg function technique” has been extended to non-
linear dynamical systems supplemented by quadratic dbgefeinctions: in this case the vector field is expanded
in Taylor series and the optimal control is derived as a potyial [6]. Nevertheless, the resulting optimal control
differs from the one obtained through application of thet®a@gyin’s principle to the nonlinear system since, in the
process of series expansion and truncation, the dynansiosiated to the high-order terms is neglected. Recently,
the nonlinear feedback control of low-thrust orbital tf@ms has been faced using continuous orbital elements
feedback and Lyapunov functions [7].

In this work the optimal feedback control problem is solvedhe frame of a nonlinear vector field, the two-body
dynamics, supported by a nonlinear objective function. ile& consists in applying globally diffeomorphic
linearizing transformatiorihat rearranges the original problem into a linear systewrdihary differential equa-
tions and a quadratic objective function written in a newafetariables [8]. The generating function technique
devised for linear systems is then applied to this new praptee feedback optimal control is derived and back
transformed as a function of the original variables. Wewingent in this way the series expansion and truncation
because no information related to the high-order termssis lo

The remainder of the paper is organized as follows: in the sestion the low-thrust trajectory optimal control
problemis stated and hypotheses on the control vector ereifated. In section 3, the principles of the linearizing
transformations are briefly discussed and then appliedactited problem; the outcome is a linear dynamical
system and a quadratic objective function written in newakdes. In section 4 the new problem is stated as a
linear quadratic regulator and its solution through theggating function technique is recalled. In section 5 the
linear problem is solved and its solution is back transfatiméo the original variables. The analytic solution of
the optimal feedback control of low-thrust trajectoriesliscussed by means of a sample problem. Final remarks
and possible future applications are pointed out in sed@ion

2. STATEMENT OF THE PROBLEM

The motion of a spacecraft is considered under the influehtieeayravitational attraction of a central body, the
Sun in our case, with the following assumptions: the spattisrsubject only to the gravitational attraction of the
central body along the entire trajectory; the trajectooiethe planets are circular and coplanar, and the motion of
the spacecraft takes place in the same plane, i.e. it candoeiloked with two degrees of freedom.

The equations of motion, written in an inertial cartesiaanie, are

Lok
r+r—3r=u, 1)

wherek is the gravitational constant of the Suk=£ 1.327116°m?3/s?), r is the position vector, and is the
acceleration given by the low thrust engine. The latter saiased to be aligned with the Sun-to-spacecraft radius
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vector and to depend on its modulus and on the time as
r

u(rt) = u(r,t)- (2)
We now further assume that the control is an explicit functbthe inverse square distance from the Sun, namely
e(t
urty = =8, @

wheree : R — R is a generic scalar function of time [9]. This type of radiet@leration not only can be realized
by Sun-facing solar sails or minimagnetospheric plasmaudsion [10], but it fits also the principles of the solar
electric propulsion. In the latter case, indeed, the thiruathieved by Sun-facing solar arrays that supply power
to the electric engine. Since the power generated decredethe inverse of the square distance from the Sun,
the thrust magnitude can be assumed to follow the same tidnd?].
The dynamics is described in polar coordinate®} with dimensionless variables: the radius of the Earthstor
the velocity of the Earth on its circular orbit, and the argulelocity of the Earth around the Sun are all set to
one [13]. In these coordinates the reference distancegitgland acceleration are496 1¢*m, 2978510 m/s,
and 59306 103m/<?, respectively. The time unit turns out to be equal tal32 days.
The equations of motion in polar coordinates are

1-¢

F—ro+ =0, ré+2r6 =0. (4)

The second of equations (4) can be rewritten as

d, 5
—(r<0) =0 5
+(r%9) =0, (5)
meaning that the angular momentum= r26, is constant during the motion. This conservation is duenéo t

assumption that the control lies along the radial distaherce its contribution to the angular momentum is zero.
Moreover, the spacecraftis assumed to be initially on thrénEszorbit, thus the motion takes places on the manifold
h=r20 = 1. This condition can be used to lower the order of the eqsir¢4) the fourth to the third. The new

dynamical system is
1 1-¢ 1

f-3+=5 =0, 6=73. (6)

where the dynamics afand that of6 has been decoupled. The system (6) can be rearranged ie&fitst-order
equations

. 1 . 1 1 ¢
F =V, 9:r—2, v,:r—s—r—2+r—2, @)
and rewritten in the more compact form
x = f(X) + u(x), (8)

where the vector field and the control have been purposebratgal (see next section). Hence, the state, the vector
field, and the control are

x={r,0,%}", f:{v,,riz,r%—riz}T, u:{O,O,E}T. (9)

Assume now that the following performance index must be mized

s tf o2
J:/ rzuzdt:/ £ dt, (10)
to tg T

0

wherety andt; are, respectively, the initial and the final time. The parfance index (10) is slightly different
than the standard quadratic-control objective functiadlie space trajectory optimization [6]. This choice fits the
devised linearizing transformation that produces a quadrshjective function that can be dealt with the generating
function technique.

The optimal control problem is stated by means of the dynabhsigstem (8), the objective function (10), and the
following fixed-states two-point boundary conditions

rito) = ro, rite) = ry,

O(to)) = 6o, o(tr) = 6, (11)
vi(to)) = 0O, vi(ti) = 0.
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3.LINEARIZING MAPS FOR NONLINEAR DYNAMICAL SYSTEMS

In this section theold problem stated through egs. (8)-(11) is transformed int@a& problem, written in new
variables, where the equations of motion and the objeatiretfon turn out to be linear and quadratic, respectively.

In general, in the old problem, both the dynamics and theatilgefunction are given as nonlinear functions of the
states and the control. In particular, the objective fuorcis assumed to have the following form

it
J :/ L(x,u)dt, (12)
fo

while the dynamics is written as

x = f(x)+u(x), (13)
wheref : R" — R", (x,u) € R", andu has onlym nontrivial elements such thatis a multiple integer ofn, i.e.
n=pm p < N. As in the case of the stated problem (8)-(11), the boundangitions are simply(tp) = Xo
andx(ts) = xs, and the final time; is fixed. Following the approach described in [8], we seamtafglobally
diffeomorphic linearizingransformation

y = M(x)
{ u = a()+BX)V, (14)
such that the new state space representation of the dyriaystam (13) becomes
y' = Ay +By, (15)

wherey’ = dy/dt, andT is the new independent variable [8}.andB are bothn x n constant matricegM, a) :
R"— R", andf : is a(n x n) matrix depending or. The linearizing transformation (14) represents a mapter t
states, the control, and the independent variable. Thisaaae directly applied to the dynamical system (13) to
produce the new linear system (15). This mapping generkesaew objective function reported below.

The derivativey’ can be written as

OM dx dt M dt
/:———:_f I 1
Y =x atar~ ox (tWgp (16)

wheredM/dx is the Jacobian of the transormation. The inverse transftom

x = MYy
{ u a(M~1(y))+BML(y))v. 17)

provides the old states and control when the new ones are.giVkee original performance index (12) can be
written in terms of the new variables as [14]

= M1y 3y 18
7/1'0 (y7V)E T? ( )

where

T(y,v) =L(M*(y),a(M1(y)) +B(ML(y))v). (19)
The new optimal control problem is stated by egs. (15) and, (b§ether with the two transformed boundary
conditionsy(1g) = Yo andy(7s) = ys, obtained by direct application of the transformation (t4)he equations
(11). Once this problem is solveg,r) andv(T) are available; the old variablest) andu(t) can be computed by
means of the inverse transformations (17) taking into actthe relation between the two independent variables
[15], namelyt = [T dtdr.

To dT

3.1. Linear Equations of Motion

The formulated linearizing transformation is now shown apglied to the nonlinear dynamical system (8). The
devised transformation is slightly different to that shoabvove sinced, a state of the old system, is chosen as
new independent variable, namaly= 6. In this way, the transformation further reduces the diremsf the
dynamical system to two equations. The linearizing mapjgng

= ()0 ) e

0 0 (20)
a = 0], B=| 0

(8) (5 ¢)

o o
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and, taking into account the conservation of the angular erdom (5), the time transformation is simpg%' =

g—g = r2. The Jacobian of the transformation (20) is

dM[

2 0 0
Z7 Y2
A | 21)

0 0 -1
and so, by virtue of equation (16), the derivatwean be written as

0

oM dt [= 0 o b

y’=—dx(f+u)@={fo 0 _J(( 1;1;1 +| 0 r2=<y31’2£>. (22)
3 2

2

N

Enforcingy’ to be produced by a linear system of the kirié= Ay + Bv, the characteristic matrixe8,andB, and
the control vectoty, of the new system turn out to be

o[ 8 3) (8 8] - (2)

Furthermore, manipulating (18), the performance inderaated to the linear problem reads

or or
J:/ £2d9:/ vTvde. (24)
6 6

It is worth noting that the map (20) gives rise to the lineasteyn (23) and to thquadraticobjective function
(24). This is important since, in agreement to equation,@&hypotheses are made on the new objective function
that, in general, is a nonlinear function. Thus, the new lemolis represented by equations (23) and (24); the new
two-point boundary conditions agg6p) = {1/ro—1,vio} " andy(6s) = {1/rs — L vis}'.

The feedback control of a linear system supplemented by drgtia performance index is a well known problem
in control theory: it is calledinear quadratic regulatorand its solution relies on the matrix Riccati equation.
Following the method developed by Park and Scheeres [5],ddeeas the solution of this problem by means
of the generating function technique: this is an elegant@agh that exploits the properties of the canonical
transformations, defined in the frame of the Hamiltonianiesys, to solve the Hamilton-Jacobi-Bellmann equation
of the feedback control problem. We discuss this techninulee next section.

4. SOLVING THE LINEAR QUADRATIC REGULATOR VIA GENERATING FUNCTIONS

The linear quadratic regulator addresses the problem dfisimg the performance index written in the form
Tt

3=2 ["yTQy+vIRv)dr, (25)
2 )1,

subject to the linear dynamics
y' = Ay+Bv. (26)

In generaly € R", v € R™, m< n, andA andB are (n x n) and (n x m) matrixes, respectively. In additioq
andR are two(n x n) and(n x m), respectively, positive semi-definite and positice definiiatrixes. Finally, let's
assume that the initial and final conditions are given

y(T0) =VYo, Y(Tf)=VYr. (27)
and that the final timé is fixed.
According to the optimal control theory [2], the Hamiltoniaf the problem (25)-(27) is
1
H(Y.A.v) = 5(y'Qy+V'Rv) + AT(Ay +BV), (28)
where the set of Lagrangian multipliers,c R", has been introduced. From the Pontryagin’s principle tHig,
optimal solution is an extremum of the Hamiltonian. Thisggthe following necessary condition for the control

dH_O

= =0. (29)
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which allows to get an explicit expressionwin terms of the Lagrangian multipliers

v=-—R1BTA. (30)
Substituting equation (30) into (28), the Hamiltonian siout to be
_1/yN\[Q A y
H(y,)\)— E( A ) [ A —BRFlBT A ) (31)
and the dynamics of the states and costates reduces to
y Y [ A —-BRBT y
(4)-[ 4 =] (1) @

In order to find the optimal guidance law, the Euler-Lagraageations (32) have to be solved with the initial and
final conditions (27); the solution of system (32) yields tiptimal guidance law by means of equation (30). This
is the classical two-point boundary value problem derivedhie optimal control theory. In this case the problem
is linear and so the solution is analytic. Nevertheles$yéfiroblem was nonlinear, any change in the two-point
condition would require a new solution of the two-point bdary value problem. In the following, we show how
the initial condition can be embedded in the solution of (B2&n analytical fashion. In this way, the optimal
solution is an analytic function of the initial conditiornis is the essence of the optimal feedback control problem.

4.1. The Generating Function Technique

The generating function approach for the solution of tw@mpboundary value problems, as the optimal feedback
control problem, is reported below. This technique expltlie fundamental links between the optimal control
theory and the generating functions. For a detailed déoivadf the method the reader can refer to the works of
Park, Scheeres, and Guibout [5, 6].

The idea of the method is to exploit the properties of the gaimgy functions associated to the transformations
between a fixed statgo, Ao, To) and a moving statéy, A, 7). These two states are equal whes 1y, and so the
generating functions must define an identity transfornmadior = 175. This means that, among the four possible
forms of generating function, the choice is restricted awlythose two being function of both the states and
momenta y andA, respectively [5].

Suppose now that we have a generating funckgfy,Ao, 7,70). This transformation is canonical because it
generates the identity transformationrat 79 and preserves the area in the phase space. Since the Haanilton
(31) is quadratick, can be put in a quadratic form as follows [5]

1y T{ Fy(T,T0)  Fypo(T,To) K y )
A0, T,To) = = WA YAok ™ ) 33
F2(y: 40,7, T0) 2 ( Ao ) Fay(T;T0)  Fagao(T,T0) Ao (33)
The functionF; satisfies the Hamilton-Jacobi equation for the generatingtfon and so it can be used to find the
unknown boundary conditions using the given ones. In paeticfrom the properties df, we have

R
The Hamiltonian (31) can be expressed as a functiqiy gfg) by using equation (34)
1y N[ Fy1[Q AT I 0 y
H §< Ao > [ 0 Fiy ] { A -BRIB' || Ry Fpy, Ao ) (35)

Since the Hamiltonian at the fixed state can be taken zerouiitny loss of generality [6], then the Hamiltonian
of the moving state and the generating function satify thmitan-Jacobi PDEH + dF,/dt = 0, namely

T . . T
oy By Fa I Ry ][Q A I 0 y
o-( ) ey Ze e lo R JIR ek |6, w100 ) e

From equation (36) it is possible to extract the matrix Riceguations for the sub-matrix components of the
generating function, namefyy(T, 7o), Ry, (T, To) = F/\Toy(r, To), andFy (T, To)
Fy+Q+FRyA+ATRy—F\BRIBTRy =

!/
Fy)\o

0,
+ATR,, —FyBRIBTF,, = O (37)
1T _
Fix —FwBRIBTR,, = 0
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The initial conditions for equations (37) are taken from ithentity transformationf,(y, Ao, T = 7o, Tp) = vy Ao,
that verifies the identity transformationat 1o

Fy(T0,T0) = Onxn,
Fon(T()?TO) - Iana (38)
Faoro(T0,T0) = Onxn.

The set of matrix ODEs (37) can be integrated with the init@ahditions (38); this procedure yields the gener-
ating functionF, and so, through equation (34), the valuelobsA = A(y,Ao,T,Tp). Nevertheless, the sated
problem is ahard constraints problenf5], i.e. y(1p) = Yo andys = y(7¢), and so it would be useful to have
Ao=Ao(Yo,Yt,T0,Tf): in this way the analytic solution of (32) can embed the @hisitate(yo, 7o) as a parameter
according to the principles of the optimal feedback corgroblem.

The functiom g = Ag(Yyo, Y+, To, Tt ) can be obtained by observing that [5]

oF
Yo= —2 = FAoyyf + FA0A0A07 (39)

dAg
by definition of canonical transformation. Equation (390 dee used to extract the required initial Lagrange
multiplier

Ao=Ao(Yo,Yt,To, T) = F,(O%O(Tf ;T0) (Yo — Fagy(T£, To) Y1) (40)

This condition determines the initial costate as a functibthe given initial statgyo, 70). Hence, the optimal
solution can be obtained by forward integration of systef) @hd the optimal feedback guidance law can be
extracted from equation (30). In the next section we show thdsyproblem is solved for the transformed problem
(23)-(24).

5. FEEDBACK OPTIMAL LOW-THRUST TRANSFERS

The optimal low-thrust orbital transfer, assuming radhalst, has been stated through equations (9)-(11). The
linearizing transformation has been applied to this pnwbte derive the linear state space representation (23)
supplemented by the quadratic objective function (24). raeo to find optimal feedback solution, this linear
quadratic regulator problem has been solved using the gemgrfunction technique. In this section we first
solve the problem (23)-(24) and then we back transform tihgtiea into the original variables. The solution is
commented with the aid of a sample case.

By comparing the objective functions (24) and (25) we find a= 0,2, andR = 2; moreover, using the original
two-point conditions (11), we recall the boundary conditof the linear quadratic regulator

Y10 1/ro—1 Yaf ri—1
= ’ = = ? = . 41
y(to) ( Y20 ) ( Vio )’ y(T) ( Y2t ) ( Vi (41)
In agreement with the purpose of this paper, the initial @afithe new independent variabt, is incorporated

into the optimal solution, while the final valu@;, has to be chosen - this is a finite horizon problem. Substgut
A andB given by (23) and the values @fandR given above, equation (32) reads

0 1.0 O
y\ |-1 0 0 -1/2 y
(A’>_ 0 0 0 1 A (42)
0 -1 0

Furthermore, with the same valuesA&fB, Q, andR, the matrix ODEs (37) can be integrated with the initial
conditions (38). The analytic solutions of these equatames

R@6)= | 0 g . 43)

cos0—6) sin(6— ) } 7 (44)

Fya (60,6) = F):ry(eo’ 0) = [ —sin(6 — 6y) cog6— 6)
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Fyy (60,6) — —1/2sin26 — o) + (60— 6p) /4 1/4 sirf(6 — 6p)
AN, 1/4 sir?(6 — 6p) 1/2sin26 — 6o) + (6 —60)/4 |
The trivial solution (43) means that we have avoided to irsttgthe first of equations (37) since, through (4),
does not affect the solution. From equation (40) we get thiaihagrange multiplier

Ao(60,6f) = Brl(awBz—4sir(6; — Bo)ay),

(45)

. (46)
A20(60,6¢) = Brt(az2Bs—4sirP(65 — 6o)an),
where
a1(Yo,Yf,60,6f) = y10—Y1tCOoY6f — 6p) — Yo 1 SIN(6; — ),
a2(Yo,Yt,60,0f) = Ya20+Y1tSin(6s — 6Bp) — Yot cOg OB — 6p),
Bi(Yo.Yr,60,6;) = (6o— 6f)2—4sirf2(6; — 6p) —sint(6; — 6p), (47)
B2(Yo,Yt,60,6t) = 4(6f —6p)+8sin26f — 6p),

Bs(Yo,Ys,60,6t) = 4(6f —6) —8sin26s — ).
Finally, by integrating equation (42), the optimal feedbaaclution for the linearized problem can be achieved
Y1(Yo,Yt, 6o, 6) =y1,0 cO6 — 6p) + y2,0 Sin(6 — 6o)+
1/4B; (a1 Bo — 4aysin?(6r — 6p))(sin(8 — Bp) — (6 — Bp) cos(6 — Bp))+
a1, *(sin? (6 — 60))(6 — 60)Sin(6 — 60) + a2 B
y2(Yo,Yt, 60,0) =Yy20 0560 — 6p) — y1,0Sin(6 — 6o)+
1/4B; (8 — 6p) sin(8 — Bo) (a1 B2 — 4azsin?(8s — 6p) )+
1By (Sin (81 — 60))((6 — o) oS0 — 60) sin(6 — B)) + 121 s (48)

A1(Yo.Yt,60,8) =(a1B;  Bo — 4aoBy (i (65 — 6p))) cog B — o)+
(a2B1 *Bs— 4a1 By *(sin? (65 — 6p))) sin(6 — 6p)

Aa(Yo.Y1, 60, 8) = — (a1 By *Ba + 4ax By (SinP (85 — Bp))) sin(6 — 6p)+
(021 *Bs — a1 By (sir’ (6 — 60))) cos(6 — 6o)
The optimal guidance law for the linear quadratic regulates v(yo, Y+, To, T), can be obtained as a function of
the costates through equation (30). In particular, we f@ee(yo, Y+, To, T) = A2(Yo,Y2, 6o, 67) /2. The linearized

version of the optimal feedback control problem has beevesolThe solution (48) is now back transformed into
the variables of the original problem.

5.1. Inverse Transfor mation

We now use the inverse transformation (17) to write the smiutf the original problem in its final form. We still
keep@ as the independent variable since there is not a closed-dapression for the transformation-t(6).
Using equations (48) and the conditions (41), the optimadifack solution, written in terms ofandv,, reads

r(r07Vr,0; rf ;Vr,f ) 907 9) 1/[1+y1(r07vl’,07 rf 7Vr.,f ) 907 9)}7

(49)
Vr(rOaVr,Ovrth,f»ean) = _yz(r07vr,07rfavl',fa9076)7
while the corresponding guidance law is
u=A2(ro,Vro,r,Vi.f, 60,8)/[2r (ro,Vr0," Vi t, 60, 0)]. (50)
The time of flight of the transfers can be found by solving thitofving inverse map for the independent variables
6
t —to= / "12(6)d6. (51)
6o

5.2. Earth-MarsLow-Thrust Transfer

A nominal solution is chosen havingy =0, ro =1, vy\o =0, and6; = m, rf = 1.5, vy = 0. This solution
corresponds to the classic Earth—Mars transfer. In figurgsdnd 3, the initial conditions of the nominal solution
have been perturbed in termsmf vyo, and 6y, respectively. The new optimal feedback solution corrasjitg

to these perturbed initial conditions is simply obtainedewaluating the solution (49). It is worth noting that,
in agreement with the purposes of this work, the final sofutbable to respond to perturbations in the initial
conditions by finding families of new optimal transfers inaralytic fashion.
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6. CONCLUSIONS

The optimal feedback control problem has been solved forthowst orbital transfers between two circular copla-
nar orbits. The nonlinear problem has been transformediitassic linear quadratic regulator problem by means
of a diffeomorphic transformation. In these new variabthe,dynamics is represented by a linear system while
the objective function is generally a quadratic form of ttatess and the controls. The accuracy is totally preserved
in this process since the transformation does not reprastatlor expansion of the original nonlinear vector field.
Once the problem is stated in these new variables, the oféimadback control problem is solved by virtue of the
generating function technique. The solution to this probis back transformed into the original variables and
so the optimal solution to the original problem is availainléderms of generic initial and final conditions. The
effectiveness of the solution found has been tested nualigrizy taking perturbed initial conditions around the
nominal solution.
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