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Abstract

In this paper, a coupled aerothermoelastic dynamic stability analysis of a functionally-graded composite wing including
non-classical effects, and immersed in a gas flow is developed. Specifically, the study concerns the aerothermoelastic
stability of aircraft swept wings made of advanced functionally-graded composite materials and exposed to a heat flow
impacting its deformed surface. The structural model is specialized in the computations to the case of a rectangular,
single-layered, swept wing made of functionally graded material (FGM) with a ceramic-metallic-ceramic phase gradient.
In particular, aluminum and alumina have been chosen as metallic and ceramic phases respectively. The evaluation
of the temperature field on the deformed (actual) configuration of the wing permits to address the problems of the
aerothermoelastic response and stability in a coupled framework. As a result, the exact analytical expression of the
aerothermoelastic response of the heated wing is obtained in the Laplace space domain and, following this, the static and
dynamic aeroelastic instabilities of the wing model are determined. The obtained results indicate that the aeroelastic
stability is substantially affected by the thermo-elastic coupling and that the presence of FGM can also significantly
influence the aerothermoelastic behaviour. In the discussion of the results, special attention is given to the effects played
by the flight speed and thermal anisotropy of the constituent material in terms of possible different FGM configurations.

1. Introduction

Recent activities related to space exploration and
the renewed interest in supersonic/hypersonic flight
vehicles, [1–4] require a good understanding of the
aeroelastic instability and response of aeronauti-
cal/aerospace vehicle structures operating in high tem-
perature field. While the thermoelastic dynamic re-
sponse and stability of trusses and beam structures
(motivated by the experience in space flight applica-
tions) has been widely investigated, [5–10] to the au-
thors’ best knowledge, theoretical analyses are not so
developed in the field of aeronautical structures im-
mersed in a flow field. Nonetheless, the importance of
the aerothermoelastic response and stability analyses
of aerospace systems has been largely recognized [11]
(especially with respect to reusable launch vehicles),
and, in this sense, a number of studies have been con-
ducted to investigate the aerothermoelastic stability
of aerospace vehicles by using CFD approaches for the
aerodynamics and FE models for the structures. [1–4]
In this context, this study presents an exact coupled
aerothermoelastic stability analysis for heated com-
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posite aircraft wings as proposed in Ref. [12]. In this
Reference the study of the aerothermoelastic stabil-
ity of aircraft swept wings made of advanced homoge-
neous composite materials, exposed to a generic heat
flow field and operating in an incompressible flow was
addressed. The thermal field is supposed to be gen-
erated by a laser beam impacting the upper surface
of the wing, Refs. [13, 14]. The use of a laser beam
to produce thermal effects was motivated by the fact
that this represents an actual way to impose in practice
significant heat flows to a wing in operative conditions
with an intensity so large to induce relevant aerother-
moelastic effects. The wing structural model, previ-
ously developed by the authors, [13–16] is specialized
in the present paper to the case of a rectangular, single-
layered swept wing composed of a ceramic-metallic-
ceramic FGM: to this purpose an analytic formulation
for determining the thermal field in the material with
non-homogeneous thermal characteristics is proposed.

In the numerical applications, aluminum has been
chosen as core metal for the wing because of its massive
use as structural material in aerospace applications,
whilst alumina (Al2O3) has been chosen as a ceramic
cover due to its good performance as a thermal shield
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and its chemical constitutive affinity to aluminum.
The methodology adopted, based on the use of a

double Laplace transform, was originally developed in
Ref. [17] to solve the static aeroelastic response, then
employed in Refs. [13–15, 18] to determine the flutter
and divergence speed of swept composite wing struc-
ture, and in Refs. [13,14,19] to solve the aerothermoe-
lastic dynamic response of the structure. In Refer-
ence [12] the formulation has been extended to the so-
lution of an arbitrary dynamic aerothermoelastic cou-
pled response. In the present paper the solution has
been extended in order to include the FGM charac-
terization. More specifically, a time-domain formula-
tion of the theory of lifting surfaces was considered
to model the unsteady aerodynamics. [20, 21] More-
over, the evaluation of the temperature field on the
deformed (actual) configuration of the wing allows to
address the problem of the aerothermoelastic response
and stability in a coupled framework (see Ref. [12];
see also [13, 14] for a presentation of a similar anal-
ysis in an un-coupled regime). As a result, the ex-
act analytical expression of the aerothermoelastic re-
sponse of the FGM heated aircraft wing is obtained
in the Laplace transformed space and, consequently,
the stability boundary of the wing model is derived.
In order to validate the results obtained in terms of
aerothermoelastic flutter boundary, the thermoelastic
static and dynamic stability analysis was presented in
Refs. [12, 13] and the results are then compared with
those available in literature for the aeroelasticity of
homogeneous wings, Refs. [6–9]. In the presentation
and discussion of the results, particular emphasis is
placed on the effects of the FGM, of flight speed, ther-
mal anisotropy and direction of the external heat flux
impacting the wing surface.

2. Structural and aeroelastic model

The wing structure is modelled as a plate-like
body with appropriate internal constraints (Fig.1).
Specifically, it is assumed that the wing cross-sections
are undeformable, and that the wall thickness is in-
extensible. As a result, the displacement field of the
wing is represented by the following map [15,16]

u (x, t) = x3 θ (x2, t) e1 + {u2 + x3 [β (x2, t)

+ x1g (x2, t)]} e2 + {h (x2, t) − [x1

− x0 (x2, t)] θ (x2, t)} e3 (1)

where u2(x2, t) is the extension in the spanwise direc-
tion, θ (x2, t) denotes the twist angle of the wing about
its pitching axis, β (x2, t) identifies the flexural angle
about the chord-wise direction, g (x2, t) represents the
warping displacement (see Fig.2), h (x2, t) denotes the
plunging displacement of the wing cross section mea-
sured at the elastic axis (positive upward and located
at x1e = x0 (x2), Fig.1). Collecting the independent
displacement components in Eq.(1), one may observe
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Figure 1. Geometry of the swept wing

that the total number of unknowns retained into the
model is five, and in terms of these five displacement
unknowns (u2, β, g, θ, h) the aeroelastic response anal-
ysis under the effect of a thermo-mechanical load is
investigated.

In order to be reasonably self-contained, the equi-
librium equations and the related boundary condi-
tions for a transversely isotropic swept aircraft wing,
obtained via the application of Hamilton’s principle,
are shortly reviewed (the interested reader is referred
to Refs. [12–16] for a complete presentation of this
model). Specifically, denoting by y (= {u2, β, g, θ, h})
the vector of the displacement unknowns, with K, L,
P the stiffness matrices, and with M the mass matrix
(their expressions are reported in Refs. [13,14,19]), in
a condensed form, the equilibrium equations may be
written as

Ky′′ + Ly′ + Py + Mÿ = fA + fT + fM (2)

where the primes (′) and the overdots (̇) denote the
derivatives with respect to the spanwise coordinate x2

and time t, respectively, whereas fA is the vector of
aerodynamic loads, fT is the vector of thermal loads
introduced by means of the constitutive equations, and
fM is the vector of the generic mechanical loads that
can act during the operational life of the vehicle (e.g.,
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Figure 2. β and g degree of freedom

explosive blast, sonic-boom, gusts, etc.).

2.1. Constitutive equations for FGM materials

The FGM structure of the wing can be considered
transversely isotropic, with the isotropy planes stacked
in direction x3. It is supposed that the variation of a
generic property P throughout the thickness could be
expressed as

P (x3) = [(1 − a0)V(x3) + a0] (Pext − Pint) + Pext (3)

where Pext, Pint are the properties of the external and
internal material component respectively, a0 is the vol-
umetric ratio on the mean plane, and V(x3) is the law
of volumetric variation of the FGM structure, and can
assume values in the range [0; 1], Ref. [22], according
to

V(x3)=

(
x3

xu
3

)nu1+ Sgn(x3)

2
+

(
x3

xl
3

)nl1− Sgn(x3)

2
(4)

where xu
3 , xl

3 are the coordinates of the upper and
lower surfaces of the wing, while the exponents nu, nl

regulate the trend of volumetric fraction on the upper
and lower part of the wing respectively (see Fig.3).
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Figure 3. V(x3) as a function of nu, nl

The constitutive matrix for a tranversely isotropic lin-
early elastic material relating the six essential compo-
nent of the strain tensor with the six ones of the stress
tensor is given by

S=




1
Ep

−
νp

Ep
−

νzp

Ez
0 0 0

−
νp

Ep

1
Ep

−
νzp

Ez
0 0 0

−
νpz

Ep
−

νpz

Ep

1
Ez

0 0 0

0 0 0 1
2Gzp

0 0

0 0 0 0 1
2Gzp

0

0 0 0 0 0
1+νp

Ep




(5)

where the subscpript p denotes the properties in the
plane of isotropy and the subscript z the properties in
the orthogonal plane. This formulation is still valid in
the case of FGM, providing the following functional de-
pendency for the elastic parameters: Ep(x3), Ez(x3),
Gzp(x3), νp(x3), νpz(x3), and νzp(x3). Since all the
quantities in the used laminate formulation are inte-
grated along the thickness, the dependence from x3

will disappear from the structural matrices of the sys-
tem.

2.2. Aerodynamic and thermal loads

The aerodynamic load vector is based on an incom-
pressible, unsteady aerodynamic model which takes
into account the effect of the sweep angle. It can be
written in the following compact form [12–14,19]

fA (y, ẏ, ÿ, y′, ẏ′) = A ÿ + B ẏ + C y′ + D ẏ′ (6)

+E I
[
ÿ
(
t̂
)
, t

]
+ F I

[
ẏ
(
t̂
)
, t

]
+ G I

[
ẏ′

(
t̂
)
, t

]

where I [•, t] :=
∫ t

0
ϕ

(
t − t̂

)
• dt̂ and ϕ (t) is the Wag-

ner’s function, [20, 21] whereas A, B, C, D, E, F, G

are the matrices of the aerodynamic coefficients whose
expressions are reported in Refs. [13,14,19]. The func-
tional representation of the vector of thermal loads will
be supplied in the following section, and, in particular,
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the explicit dependence of this load vector in terms of
the unknown displacements. For the moment, let us
note that using the modified Hooke-Duhamel constitu-
tive equations (e.g., Ref. [15]), and assuming a rectan-
gular cross-section for the wing, the vector of thermal
loads has only two non-zero component which does
work on the extension u2 (x2, t) and flexural deflection
of the wing β (x2, t), namely

fT (x2, t) =




Θ0,0
2 (x2, t)

Θ0,1
2 (x2, t)

0
0
0




(7)

where Θi,j
2 (x2, t) is the thermal moment, whose ex-

pression will be explicited in the following section. For
the forthcoming developments, it is convenient to de-
fine the vector of thermal moments as the derivative
of a vector c as follows (see Eq.(7))

fT (x2, t) = c′ (x2, t) (8)

Therefore, the imposed boundary conditions at the
root and the natural boundary conditions at the tip
may be written

y (0, t) = 0 (9)

R y′ (L, t) + S y (L, t) = c (t) (10)

where L is the wing tip coordinate and where the
boundary load c reduces in our applications to a con-
centrated thermal moment acting on the flexural de-
flection of the wing. Equation (2) constitutes a system
of four differential equations in space and time of the
second order, whose boundary conditions are repre-
sented by Eqs.(9)-(10). In order to render the thermal
load vector (fT ) dependent on the state-space vector
(y) and on its derivatives, in a way similar to that of
the aerodynamic load vector (see Eq.(6)), the thermal
field has to be evaluated in the deformed configuration
of the wing. This idea, together with the analytical
evaluation of the thermal field for a FGM, is carried
out in the following section.

3. Thermo-mechanical model for FGM

As already stated, the present formulation is car-
ried out in the framework of coupled thermoelasticity,
in the sense that the temperature distribution on the
wing structure is supposed to be affected by the actual
deformation of the structure. Moreover, it is assumed
that the external heat input is generated by a laser
beam impacting the upper surface of the wing, and fi-
nally the wing is treated as a solid parallelepiped. The
problem may be mathematically stated in terms of the

following system of equations, Refs. [5, 13],

Div (K∇T )− ρct

∂T

∂t
= 0 (11)

K∇T · n = q · n (12)

∇T · n = 0 (13)

T = 0 (14)

where T (x, t) is the temperature field, K is the ther-
mal conductivity tensor, [23] ρ is the volume density,
ct is the specific heat, n is the external normal to the
surface body and q is the external heat flux impacting
the wing, moreover, Eq. 11 is the governing Fourier’s
law in the body, Eqs. 12-13 are the boundary condi-
tions on the upper surface (where the heat input are
applied) and elsewhere respectively, and Eq. 14 is the
initial condition for the problem.

In order to encompass the variation through the
thickness of the material properties according to Eq.
4, the behaviour of the generic thermal property P (x3)
will be expressed as

P (z) = P0 + Pv (z) (15)

where P0 is constant along the thickness and Pv(x3) is
the varying part.

The temperature distribution within the body due
to the application of the external heat inputs has been
obtained adopting the Green’s influence function ap-
proach suitably modified to take into account the func-
tional dependence of the coefficients introduced by the
FGM In particular, the adjoint problem, needed to de-
termine the influence function, has been solved with
repsect to the uniform part of the problem and then
it has been used to solve the original non-uniform for-
mulation (the reader is referred to Ref. [14] for further
details).

Using the previous equation, an explicit relation be-
tween the temperature field and the unknown displace-
ment components can be established. Indeed, the unit
normal to the deformed upper surface of the wing is
expressed in terms of a linear approximation involv-
ing the actual plunge and pitch of the wing, Refs.
[13, 14, 19],

n (x, t) ∼= e3 − h′ (x2, t) e2 + θ (x2, t) e1 (16)

As a result, representing the heat flux vector in terms
of its components on the Cartesian reference system
chosen (i.e., q (x, t) = {q1 (x, t) , q2 (x, t) , q3 (x, t)}),
the temperature field may be written as the sum of
three terms. The first term (T1 (x∗, t)) depends on the
actual pitch displacement of the wing (θ (x2, t)), and
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its expression is given by

T1 (x∗, t∗) = −

∫ t∗

0

∑

n,m,k

8

x̄2z̄
WmnWkn

1

bn

e
an
bn

(t∗−t)

q1 (t) cos

(
pπx∗

1

x̄

)
cos

(
qπx∗

2

x̄

)
cos

(
rπz∗

z̄

)

cos
(wπz

z̄

)∫ ȳ

0

θ (x2, t) cos

(
jπx2

ȳ

)
dx2dt (17)

where q1 is the component of the heat density vector
(q) in the chordwise x1 direction. Note that in the
previous formula the bold index m is assumed to count
the same quantities as the triple index’ i, j, and w (in
this case j = 0 to have integral not equal to zero)
whereas, in a similar way, the bold index k counts the
same quantities of the triple index’ p, q, and r. The
second term T2 (x∗, t) depends on the actual bending
of the wing (h′ (x2, t)) and its expression is given by

T2 (x∗, t∗) =

∫ t∗

0

∑

n,m,k

8

ȳz̄
WmnWkn

1

bn

e
an
bn

(t∗−t)

q2 (t) cos

(
pπx∗

1

x̄

)
cos

(
qπx∗

2

ȳ

)
cos

(
rπx∗

3

z̄

)

cos
(wπx3

z̄

) ∫ ȳ

0

h′ (x2, t) cos

(
jπx2

ȳ

)
dx2dt (18)

where q2 is the component of the heat density vector
(q) in the spanwise x2 direction (the same assumption
as before has been done for the bold index).

The third term (T3 (x, t)) does not depend on the
state-space vector and represents the uncoupled tem-
perature field already employed in Ref. [13,14] to per-
form a thermoaeroelastic response analysis of the same
wing model, and its expression is

T3 (x∗, t∗) = −

∫ t∗

0

∑

n,m,k

8

z̄
WmnWkn

1

bn

e
an
bn

(t∗−t)

q3(t) cos

(
pπx∗

1

x̄

)
cos

(
qπx∗

2

ȳ

)

cos

(
rπx∗

3

z̄

)
cos

(wπx3

z̄

)
dt (19)

where q3 is the component of the heat density vector
(q) in the thickness x3 direction (the same assumption
as before has been done for the bold index; moreover,
also the j index give non-zero contribution only if j =
0).

In order to illustrate pictorially the idea behind this
approach, in Fig.4, from Ref. [12], a snapshot of the de-
formed configuration of the wing impacted by a generic
heat density vector q is presented. From this figure it
becomes apparent how the heat flux absorbed by the
wing can depend on its actual deformation and as a
result, the temperature field on the state-space vec-
tor. Finally, it is worth pointing out that the temper-
ature in Eqs.(17)-(18) is a function of space and time

Figure 4. Effect of the aeroelastic deformation on the
wing structure.

by means of the actual state-space vector, even if the
heat density vector is supposed to be constant in space
and time as it will be assumed later in the application.

Using Eqs.((17)-(19)), the thermal moment can be
made dependent on the vector of displacement un-
knowns. Specifically, it is possible to write the thermal
moment in the following compact form

c (y, y′, x2, t) =

∞∑

m=0

∫ t

0

U (m, x2, t − t∗)

∫ L

0

[U1 (m, x∗

2, t
∗) y (x∗

2, t
∗)

+U2 (m, x∗

2, t
∗) y′ (x∗

2, t
∗)] dx∗

2 dt∗ + c3 (t) (20)

where c3 denotes the contribution to the thermal load
vector due to Eq.(19), whereas U, U1 and U2 are three
matrix operators whose definition can be deduced from
the expression of the evaluated temperature field for
FGM. Note that because of the particular geometry of
the wing, the thermal moment induced by the heat flux
in the x3 direction reduces to a function of time only,
once the heat flux q3 is assumed constant in space.
Indeed, in the contribution to the temperature field
T3, the integrals of the eigenfunctions are all zero ex-
cept for l = m = 0, thus this term reduces to a func-
tion of x3 and t only. The functional dependence on
the co-ordinate x3 is successively eliminated by the
integration across the wing cross-section of the ther-
mal moment. Note also that the state-space vector y

appears in the previous expression under the integral
sign. There is, indeed, a convolution between the ther-
mal input and the displacement field. The description
of the procedure used to deal with this integral con-
stitutes a significative part of the next section. Before
proceeding further, it is remarkable to point out that
in the solution of the aero-thermo-elastic problem an
important role will be played by a parameter (B) [5]
representing the ratio tT /tM between the characteris-
tic thermal time (tT = ρctH

2/k3) and a characteristic
mechanical time (for instance the first natural bending
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period). As it is stated in Ref. [5], the dynamic cou-
pling increases as B becomes smaller. On the other
hand, as B becomes larger the dynamic coupling dis-
appears and the static solution alone remains valid.

4. Solution procedure

Following Refs. [13, 14, 19], the system of equilib-
rium equations (Eqs.(2)) with the associated boundary
conditions (Eqs.(9)-(10)) can be reduced to a system
of algebraic equations in Laplace space and time do-
mains, where both the space and time coordinates are
converted to their Laplace variable space counterparts.
Indeed, applying the Laplace transform with respect
to time to Eq.(2), and assuming zero initial conditions
one has

Kỹ′′+ Ñ (s, U) ỹ′+ Q̃ (s, U) ỹ = f̃T(x2, s) + f̃M(x2, s)(21)

where the tilde ( Lt [•] ≡ •̃ ) denotes the Laplace trans-
form with respect to time, s is the Laplace variable rep-
resenting the time counterpart of the physical space,
whereas Ñ and Q̃ are two matrix operators that take
into account the aerodynamic coupling and are given
by

Ñ (s, U) := L − C − s D − s ϕ̃ G (22)

Q̃ (s, U) := N + s2 (M − A − ϕ̃ E) − s (B + ϕ̃ F) (23)

where ϕ̃ is the Laplace transform of the Wagner’s func-
tion and it is given by

ϕ̃ := Lt [ϕ (t)] =
C (s)

s
(24)

where C is the Laplace transform of Theodorsen’s
function.

Similarly, performing the Laplace transform with re-
spect to space, and recalling that the wing is consid-
ered to be clamped at the root cross-section, one has

̂̃y (p, s) =
[
p2K + pÑ (s, Un) + Q̃ (s, Un)

]
−1

[
−

̂̃
f
T

(p, s) −
̂̃
f
M

(p, s) + Kỹ′ (0, s)

]
(25)

where the overhat ( Lx2
[•] ≡ •̂ ) denotes the Laplace

transform with respect to coordinate x2 and p is the
Laplace transform variable counterpart of x2.

In the following application we will not consider
other loads than those produced by the heat inputs
(i.e., we will assume fM = 0); thus, the thermal load
vector. Assuming a constant heat flux in space and
time, the thermal load vector may be written as

̂̃
f
T

(p, s) =

∞∑

m=0

p
̂̃
U (m, p, s)

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s)

+U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2 (26)

Denoting the first multiplicative term in Eq.(25) as

̂̃
H (p, s, U) :=

[
p2K + pÑ (s, U) + Q̃ (s, U)

]
−1

(27)

which can be regarded, apart from the boundary
conditions, as the aeroelastic operator, and, using
Eqs.(25) and (26), one may write the state-space vec-
tor for the particular problem of a heated wing in an
incompressible flow field (Eq.(25)) as

̂̃y (p, s) =
̂̃
H (p, s, U)

{
∞∑

m=0

p
̂̃
U (m, p, s)

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s)+

+U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2 + +Kỹ′ (0, s)} (28)

Applying the inverse Laplace transform with respect
to space to Eq. (28) one has

ỹ (x2, s) =

∞∑

m=0

∫ x2

0

H̃ (η, s) Ũ′ (m, x2 − η, s)

[∫ L

0

U1 (m, x∗

2 )̃y (x∗

2, s) dx∗

2 +

∫ L

0

U2 (m, x∗

2) ỹ′ (x∗

2, s)dx∗

2

]
dη

+H̃ (x2, s, U)Kỹ′ (0, s) (29)

Introducing the following definition for the convolution
integral

g̃ (x2, s) := −

∫ x2

0

H̃ (η, s) Ũ (m, x2 − η, s) dη (30)

and differentiating Eq.(29) with respect to the span-
wise coordinate x2, one has

ỹ′ (x2, s) =

∞∑

m=0

g̃′ (m, x2, s)

[∫ L

0

U1 (m, x∗

2) ỹ (x∗

2, s) dx∗

2

+

∫ L

0

U2 (m, x∗

2 )̃y
′ (x∗

2, s) dx∗

2

]
+H̃′ (x2, s, U)Kỹ′ (0, s) (31)

Thus, one may use the boundary condition at the
tip (Eq.(10)), properly rewritten in the Laplace time-
domain, to evaluate the unknown derivative ỹ′ (0, s)
appearing in the previous equations. Indeed, substi-
tuting Eqs.(29) and (31) in Laplace transformed coun-
terpart of Eq.(10) one has

R

{
H̃′ (L, s)Kỹ′ (0, s) +

∞∑

m=0

g̃′ (m, L, s)

∫ L

0

[U1 (m, x∗

2 )̃y (x∗

2, s) + U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2

}

+S

{
H̃ (L, s)Kỹ′ (0, s) +

∞∑

m=0

g̃ (m, L, s)

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s) + U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2

}
=

=
∞∑

m=0

Ũ (m, L, s)

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s)

+U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2 + c̃3 (s) (32)
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thus, the vector of unknown boundary conditions
(ỹ′ (0, s)) may be written

ỹ′ (0, s) = −
[
RH̃′ (L, s)K + SH̃ (L, s)K

]
−1

∞∑

m=0

[
Rg̃′ (m, L, s) + Sg̃ (m, L, s) − Ũ (m, L, s)

]

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s) + U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2 (33)

Introducing the following definitions

W̃ (s) =
[
RH̃′ (L, s)K + SH̃ (L, s)K

]

Ṽ (m, s)=−
[
Rg̃′ (m, L, s) + Sg̃ (m, L, s)− Ũ (m, L, s)

]

and substituting them in Eqs.(33) and in (29), one
may obtain the closed form solution of the problem in
the double transformed Laplace space time domain

ỹ (x2, s) = H̃ (x2, s)K

{
W̃−1 (s)

∞∑

m=0

Ṽ (m, s)

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s) + U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2

+ W̃−1 (s) c̃3 (s)
}

+

∞∑

m=0

g̃ (m, x2, s)

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s) + U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2

=

∞∑

m=0

[
H̃ (x2, s)KW̃−1 (s) Ṽ (m, s) + g̃ (m, x2, s)

]

∫ L

0

[U1 (m, x∗

2) ỹ (x∗

2, s) + U2 (m, x∗

2) ỹ′ (x∗

2, s)] dx∗

2

+H̃ (x2, s)KW̃−1 (s) c̃3 (s) (34)

Note that the state-space vector ỹ appears not only
in the left-hand side of Eq.(34) but also in its right
handside under the integral sign.

Therefore, it is apparent that in order to solve this
integral equation is it possible to employ a numerical
approach, consisting either of an discretization of the
integral either of an approximation of the vector of
unknowns on a certain functional basis. In this pa-
per a numerical discretization of the integral has been
used to solve the coupled aero-thermo-elastic stability
of the wing model. Specifically, the integrals in Eq.(34)
may be discretized (using the theorem of integration

by parts in Eq. (36))

∫ L

0

U1 (m, x∗

2) ỹ (x∗

2, s) dx∗

2 (35)

≃
N−1∑

k=0

U1 (m, x2k) ỹ (x2k, s) ∆x2

∫ L

0

U2 (m, x∗

2) ỹ′ (x∗

2, s) dx∗

2 (36)

≃ U2 (m, L) ỹ (L, s) −

N−1∑

k=0

U′

2 (m, x2k) ỹ (x2k, s) ∆x2

where N is the number of points on which the integral
has been discretized, and ∆x2 the step in x2

N =
L

∆x2
(37)

Hence, Eq.(34) may be rewritten

ỹ (x2k, s) = (38)
∞∑

m=0

[
H̃ (x2k, s)KW̃−1 (s) Ṽ (m, s) + g̃ (m, x2k, s)

]

[
N−1∑

k=0

U1 (m, x2k) ỹ (x2k, s) ∆x2k + U2 (m, L) ỹ (L, s)

−

N−1∑

k=0

U′

2 (m, x2k) ỹ (x2k, s) ∆x2k

]
+

+H̃ (x2k, s)KW̃−1 (s) c̃3 (s)

Introducing the discrete vector of unknowns Y (s)

Ỹ (s) = {ỹ (x20, s) , ỹ (x21, s) , . . . , ỹ (x2N , s)}
T

(39)

and defining the following matrix operators Z, C1, C2,
C3, A of dimension 4N × 4N each

Z̃ (m, s) =



. . .

H̃ (x2k, s)KW̃−1 (s) Ṽ (m, s) + g̃ (m, x2k, s)
. . .




C1 (m) =


U1 (m, x20) U1 (m, x2k) U1

(
m, x2(N−1)

)

...
...

...
U1 (m, x20) U1 (m, x2k) U1

(
m, x2(N−1)

)




C2 (m) =




0 . . . U2 (m, L)
...

...
...

0 . . . U2 (m, L)




C3 (m) =



U′

2 (m, x20) U′

2 (m, x2k) U′

2

(
m, x2(N−1)

)

...
...

...
U′

2 (m, x20) U′

2 (m, x2k) U′

2

(
m, x2(N−1)

)



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Ã (s) =




. . .

H̃ (x2k, s)KW̃−1 (s)
. . .


 (40)

equation (38) becomes
{

I −

∞∑

m=0

Z̃ (m, s) [C1 (m) ∆x2 − C2 (m) (41)

+C3 (m) ∆x2]} Ỹ (s) = Ã (s) F̃T
3 (s)

Finally, from the previous equation one obtains

Ỹ (s) =

{
I −

∞∑

m=0

Z̃ (m, s) [C1 (m) ∆x2 (42)

−C2 (m) + C3 (m) ∆x2]}
−1

Ã (s) F̃T
3 (s)

It should be noticed that by discarding the compo-
nents of the heat flux in the chordwise and spanwise di-
rections, that implies that no thermo-mechanical cou-
pling is involved, the previous equation provides the
aeroelastic response in the Laplace transformed time
domain of the wing, due to the application of an ex-
ternal heat flux in the thickness direction. [13, 14] Fi-
nally, note that the evaluation of the roots of the deter-
minant of the matrix operator in brackets in Eq.(42)
are the poles of the considered aerothermoelastic sys-
tem. The evaluation of these poles at different flight
speeds and different heat fluxes permits the determi-
nation of the domains of aero-thermo-elastic stabil-
ity/instability of the wing. This analysis will be pre-
sented in the following section.

5. Numerical results

Goland’s wing structural model (Ref. [24]) was con-
sidered as a reference configuration in Ref. [14] for the
assessment and validation of the present aerothermoe-
lastic model in the case of homogeneous material. In
the following subsections the influence of the use of
FGM materials for the aeroelastic performances (Sub-
section 5.1) and aerothermoelastic performances (Sub-
section 5.2) will be presented.

5.1. Aeroelastic analysis

The following wing geometrical characteristics have
been used for the numerical applications:

L = 6.0 m

c = 0.4 m

t = 0.02 m

Λ = 0 deg

where L is the mid-span, c the chord measured nor-
mally to the trailing edge and Λ is the swept angle.
This wing geometry has been chosen instead of the
Goland model in order to have and study a flutter in-
stability for the FGM configuration considered within

the range of applicability of the used aerodynamic
model. In particular, three models of wing have been
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Figure 5. Aeroelastic responses using (homogeneous)
aluminum

studied and compared in the following: one completely
made of aluminun, and two made of FGM. The first
FGM model has been chosen imposing the exponents
nu, nl of Eq.(4) equals to 10 (se Fig. 3), and the second
one putting them equals to 3. Indeed, for n = 3 the
50% of the two phases are present at about the 12.5%
of thickness, whereas for n = 10 the 50% is found at
about the 5% of thickness with aluminum placed in
the wing core and alumina in the external layers of
the wing. In other words, for n = 3 the amount of
alumina is higher than for n = 10 and, in the limit, for
n → ∞ the pure aluminum configuration is achieved.
In the following, these two FGM configurations will
be referred as FGM 10 and FGM 3 respectively. Re-
sults of aeroelastic analysis are reported in Figs. 5, 6,
and 7 where the frequency response function (FRF)
for pitch θ and plunge h degrees of freedom at the
wing tip are shown for the three configurations con-
sidered (aluminum, FGM 10 and FGM 3 respectively)
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for several flight speeds in the neighbourhood of the
corresponding flutter speed. The FRFs exhibit the
flutter frequency in the abscissa of the highest peak in
Figs. 5-7; frequency and flutter speed are summarized
in Tab. 1. As expected, both flutter speed and fre-
quency increase with the ceramic fraction of the FGM
because the stiffness of alumina is higher that of alu-
minum, although the relevant level of brittleness would
not practically permit the achievement of such a per-
formance. As general comment on these results it can
be pointed out that, in the aeroelastic response point
of view, the difference between aluminum and FGM
behaviors are not so relevant.

5.2. Aerothermoelastic analysis

In this section an exact approach has been employed
to solve the aerothermoelastic problem previously in-
troduced. In Reference [12] Eq.(42) has been used di-
rectly to obtain the static/dynamic stability bound-
aries of the Goland’s wing homogeneous model (Refs.
[24, 25]) with warping restraints included for different
combinations of the heat density vector components
(i.e., for different directions of the perturbing heat
density vector).
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Figure 6. Aeroelastic responses using FGM 10
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Figure 7. Aeroelastic responses using FGM 3

Here, Figure 8 shows the aerothermoelastic re-
sponses evaluated for the same FGM cases previously
presented in Figs. 5-7: these Figures depict that the
effect on the spectral content of the response due to
thermal coupling is not negligible. One may also note
that in this case the difference between aluminum and
FGM in the aerothermoelastic response is much more
pronounced than in the purely aeroelastic case.

6. Concluding remarks

In this paper an exact aerothermoelastic analysis
of swept wings realized by Functionally-Graded Ma-
terials, featuring non-classical structural effects, and
impacted by a heat flux vector is presented. The
aerothermoelastic model is coupled in the sense that
the thermal loads are evaluated on the deformed con-
figuration of the structure in a way similar to what
is usually done in the aeroelasticity discipline. The
theoretical model is completely developed and the
exact analytical solution is obtained using a double
Laplace transform technique. Moreover an analyti-
cal procedure to determine the thermal field on the
Functionally-Graded Material solid as been proposed
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Figure 8. Aerothermoelastic response using homoge-
neous vs. FGM

Material Flutter speed Flutter frequency

(m/s) (Hz)

Aluminum 92.0 3.0

FGM 10 120.8 3.8

FGM 3 173.0 5.6

Table 1
Flutter frequencies and speeds for the analyzed models

and used for the applications. The advantage on using
FGM in term of stability and response performance of
the system has been clearly shown. As a natural de-
velopment of the present model, the thermal and the
unsteady aerodynamic field could be considered to be
coupled and in this context the problems of aerother-
moelastic instability and response are addressed.
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